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Figure  lo:  for  hu,  road  hy. 

Figvro  1,  logend:  for  sing  6— plato,  rmid  single— plate* 

Page  7,  fifth  line  following  cq.  (1.13);  in  exponent  of  integrand: 
for  -a  sin  let,  read  -a  sinh  t* 

Upper  right  of  Figure  3a:  for/  h2  - p2,  read  /?  - p2.  Then 
place  a zero  (0)  to  upper  loft  of  the  point  / k2  - p2. 

Figuro  3f : Place  a aero  (0)  on  the  roal  axis  directly  above  tho 

polo  (oo)  which  lies  inU_x. 

Figuro  4,  legond:  for  nearby,  road  nearly. 

Figuro  7a  i Placo  a polo  (oO)  at  each  end  of  the  contour  and  half 
way  between  tho  c'a  on  each  vertical  dashed  line.  (A 
total  of  six  poles  arc  to  be  inserted.) 

Page  19,  16  lines  from  tho  bottom,  tho  integral  should  read 
r(x)» Jpg(ki3n(u,k))cxF(ixsn(u,k)cn(u,lc)dn(u,k5du.  (Tho  factor  dn(u,k) 

is  to  bo  added.)  Thon  if  gOt^an)  has  tho  oven  properties  of  an  on  ]]  (say), 
and  x>0,  the  contour  f»  my  bo  transformed  into  ] and  thence  into  a di- 
agonal connecting  iK*  with  2K  - iK'  plus  a horizontal  connecting  2K  - iK« 
with  -iK',  On  tho  diagonal,  tho  integrand  is  an  odd  function  of  position 
with  respect  to  the  midpoint  K owing  to  tho  fact  that  cn  is  odd  about  K; 
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similarly,  on  the  horizontal,  the  intc^'and  is  odd  about  the  midpoint 
K - iK*  owint?  to  dn.  Hence,  tinder  the  assumptions,  ,T(x;=  0. 
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ABSTRACT 


!o  applying  the  Sifnehliflpf  technique  to  practical  problems,  dbs 
central  difficulty  ia  in  properly  factorial  h(w),  the  Foarirr  trass  farm 
of  the  kernel.  Thin  factorization  ia  noawrlheca  made  practicable  by 
replacing  the  vurinhle  w with  a new  variable,  z,  ia  each  a manner 
that  the  form  of  h(w( z))  in  factorable  by  ‘inspection*  ia  the  z-plaae. 
The  Introduction  contains  a more  genera!  atalemeat  of  this  idea,  and 
Section  I,  an  application  to  the  well-known  problem  of  straight-edge 
diffraction. 

In  Section  11,  n rough-serfnee  reflectioa  problem  ia  formalated. 
The  nurface  consists  in  randomly  spaced.  parallel,  condncting  halt 
planes,  with  edgea  lying  ia  a ‘reflecting*  plane  on  which  in  incident 
a plane  wave  with  electric  vector  parallel  to  the  edges.  A meld* 
connintent  formulation  of  the  problem  of  finding  tbe  curreal-dialribatiam 
in  a typical  half-ptane  result*  ia  a Wieaer-Hopf  integral  equation. 
The  general  method  of  Section  I ia  applied,  and  a formal  process  Ur 
‘inspection’  ieada  to  factors  having  the  suitable  analytic  properties. 

Section  III  deals  with  mnh  rraulta  valid  when  the  half  planes 
ure  perpendicular  to  the  reflecting  plane.  When  the  grazing  an  gin. 
n,  ia  anmll,  nnd  when  S,  the  average  distance  between  edges, measwod 
in  wavelengths,  ia  large,  the  approximate  reflectioa  coofficirw*  K si 
the  reflecting  nurface  is  gives  by 

R - - { ifl-  2iz*  - m*  iz}*  (AJ 

where  z*  “ rt  ulS  ia  a measure  of  the  number  of  Fresnel  zones  enur- 
ing a pbynical-optica  calculation  of  the  field  illamiaatiag  the  edge  al 
a typical  half-plane.  . A highly  implaaaible  alternate  derivation  of  (A) 
is  also  presented,  as  well  ao  a formula  for  hack-scattered  power  density. 

The  problem  considered  ia  Section  IV  is  that  of  diffraction  by  a 
conducting  half-plaue  which  lie*  ia  the  plane  interface  between  taro 
different  media.  The  present  factorization  method  ia  applied  to  ahtsinw 
in  principle,  the  factor*  required  ia  solving  thin  problem  by  the  Wieaar- 
Hopf  method. 
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APPLICATION  OF  A WKNKR-HOPF  TECHNIQUE 
TO  CERTAIN  WFFRACTK»N  PROBLENS 


INTRODUCTION 

lie  now  familiar  Wiener-Hopf  method  has  bee*  foaad  a powerful  tool  it  the  ulaiita  of  certain 
diffraction  problems.  (See  the  paper  of  Carlson  sad  Heins  * for  aa  example  aod  a coayreheasibU 
dtacaasion  of  the  method.)  Generally  speaking,  the  Iiea«eHopl  method  is  need  to  solve  aa  integral 
aquation  of  the  Faltacg  type  having  the  following  streets?*: 

/.-  F(y)H(-r><Sr  <i) 

Here  F(x)  vanishes  ia  x < 0 and  is  unknown  is  a >0,  # (x)  is  knows  i*  « > 0 sad  vanishes  is  x < 0, 

IP  (a)  is  unknown  in  ar  < 0 and  vanishes  ia  a > 0.  sad  H is  ksownt.  Taking  Fnwitr  trasaforma  of  sack 
sida  by  multiplying  by  exp(-iwz)  nod  integrating  over  >*<a  < •,  wa  get 

2rtf(w)h(w)  • f(%» ) ♦ y(w).  (2) 

Hera  the  transforms  Kw)  and  <p  (w)  are  R ia  L (regular,  zero- free,  and  of  limited  growth  is  Im  (w)  < 0), 
f (*r)  is  R ia  U (regular,  zero-free  and  of  limited  growth  is  Is(w)  > 0),  sad  h(w)  gessrslly  has  sing*- 
Unties  in  both  hatf-planra,  but  (for  simplicity)  nose  as  Im(w)  * 0L  Then  oae  wr'tes  a 


h(w)  “hL(w)h0  M (i) 

where  ht  ia  R ia  I,,  by  ia  R in  .J.  If  the  aingularitics  of  W are  simple  polea  ia  U thes  f(w)  caa  ha 
expanded  in  partial  fractions  as 


tP(w)  » Z.  — ; Im  (p  ) >0. 


<4> 
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From  (2)  we  reidily  obtais 


2 nf  (w)  b,  <w)  - Z, 


(w-r>)  »«tl<p4) 


*(w) 

bu(w) 


[v. 


(Si 


Here  the  left  side  i»  R in  1.,  the  right  R a V.  !Uo,  tf  it  la  —meed  « somehow  proved  that  neither 
f{w)  nor  \g'w)  bnve  aingulariticu  on  1m  (w)  * 0,  then  the  two  sides  have  an  common  singularities," 
unH  there  in  a ‘common  atrip  of  regularity*  containing  Imfw)  4 0,  in  which  neither  side,  or  in  fnct  no 
term  on  either  side,  haa  a singularity.  The  two  aide*  are  then  equal  in  thin  atrip,  and  therefore  Loth 
represent  the  name  function  z(w).  lilt  z(w)  hua  no  singularities  and  grows  too  slowly  with  |w  | -•  * 
to  be  other  than  a constant  C.  Tliua  both  aides  of  (IV)  may  be  equated  to  C. , giving  two  equntiona,  the 
first  containing  f(w).  the  aecond  'f(w).  (>nr  then  evaluates  C fay  a discussion  of  the  anymptotic 
behavior  of  either  of  the  two  equati-.ina,  or  otherwise,  and  aotven  the  two  equntiona  for  the  Fourier 
transforms  f(w)  and  »(w).  Talcing  inverse  traaatannstioaa  lues  yieldn  F and  Ur  having  the  originally 
prescribed  properties. 

In  upplying  thia  Wiener-llopf  method  to  a physical  problem,  we  are  entitled  to  dispense  with 
analytic  rigor  in  performing  the  virious  steps,  provided  that  the  final  formulation  of  the  solution  is 
rigoi..  July  shown  to  obey  the  required  physical  conditions.  In  using  the  method  to  suggest  the  form 
of  the  nnawer  to  a physics!  problem,  the  only  step  that  is  not  routiae  ia  the  factorization  of  fe.(w)  into 
h h . Given  the  ‘common  strip  of  regularity,'  euch  factor  cun  he  oqtrcnsed  through  a contour  integral 
containing  a logarithm  in  the  integrund.2  Generally  apealtiag.  these  integrola  seem  difficult.  Perhaps 
some  etudy  should  be  given  to  their  asymptotic  evaluation,  which  may  be  all  thut  in  required  ia  certain 
problems.  Certain  formr  of  h(w)  can  be  factored  by  inspection,  or  by  development  ns  on  infinite  pro- 
duct  (on  in  Reference  (Oh 

The  diffraction  problems  to  follow  ure  formally  of  the  Wienervllopf  type,  but  the  iaratorizatioa 
problems  appear  practically  insoluble  by  any  of  the  staled  method#.  An  alternative  procedure  will  be 
presented.  One  alwts,  conceptually,  at  the  end  of  the  problem,  where  the  inverse  transformation  in 
being  taken  to  obtiun  FU).  For  this  purpose,  one  multiplies  f(w)  by  exp(ixw)  and  integrates  along 
the  real  w-nxis,  in  the  common  strip  of  regularity.  One  is  eatitled  to  transform  the  intep-stioa  into  • 
contour  integral  in  a complex  x-plane  through  the  substitution  w = w<z),  dw  »w'(z)ds.  The  form  of 
wfz)  enn  be  chosen  so  that  h(wfz))  bus  a convenient  behavior  as  function  of  x.  Oie  can  perhaps  factor 
h in  the  z-plane,  so  that  the  z-equivalent  of  (3)  is  at  hand;  but  then  the  problem  is  to  show  that  tha 
z- integral,  equivalent  to  the  inverse  Fourier  Uunsformatioa,  has  the  correct  properties  as  function  of  *. 

An  w(z)  is  «l  least  portly  determined  through  the  singularities  of  b(w),  we  lend  to  lose  tbs 
common  strip  of  regularity  ns  a domuin  for  analytic  urguraenl,  and  moat  uscothcr  properties  to  obow 
that  the  resobs  have  the  desired  analytic  «r  physical  behavior.  In  thr  excmples  to  follow,  odd  and 
even  properties  of  various  z-integrands  will  be  used  to  guarantee  the  come,  analytic  behavior  of 
the  resulting  expressions. 

Without  the  ce-unon  strip  of  regularity,  there  is  furthrr  difficulty  in  proving  analytically  that,  is 
the  x- analog  of  liquation  (5),  the  two  sides  muy  be  squared  to  a constant.  An  alternative  is  presented 
by  the  physical  origin  of  the  (subsequent  problems.  One  sets  the  left  side  of  the  analog  of  (S)  equal 
to  some  constant  C.  solves  algebraically  for  f(w)  and  *(w),  and  ahowa  tbnl  the  resulting  F(x)  and 
ij/(x)  sutiufy  all  'he  requirements  set  by  the  physic#  of  the  problem. 
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sf.ction  i - diffraction  a half-h-anf. 

Now  wt  formulate  the  first  of  three  two-dimensional  <liffrnction  problems  which  can  is  principle 
be  solved  by  the  ffiencr-Hopf  method.  This  is  the  vveil-knnwn  problem  of  the  perfectly  conducting 
half-plane,  introduced  both  in  order  to  hove  a solved  problem  and  as  a limiting  case  of  the  two  prob- 
lems to  follow.  We  consider  n metal  half-plane  lying  in  the  region  y * 0,  x > 0 of  a rectangular 
coordinate  system,  and  plane  wave.  <tAx,  y)  = A exp  (ilex  cos  0O  - ilty  sin  0o),  I^(k)  > 0,  incident 
on  thin  half-plane  from  x » 0,  y '-0.  (The  time  factor  exp(-iwt)  is  suppressed  here  end  in  the  fonos- 
Intions  to  follow.)  With  the  electric  vector  of  this  wove  assumed  parallel  to  the  z-nxia,  i.e.,  to  the 
edge  of  the  half-plane,  there  is  a current  density  F(x)  induced  in  the  half-plane.  Suppose  the  total 
field  radiated  by  all  cements  is  <pj(x,  y).  Then, 


(x,  y) 


•Jm  hXt  *)  H“»  £l 


k U(x  • x ')*  ♦ y 


rj  dx* . 


To  satisfy  the  boaadary  coaditinns,  we  must  have  0)  <■  <p  j (x,  0)  * 0 in  x > 0.  Than,  with 

F(x)  * 0 in  x * 0, 


j F(x’)H^,i  (kjx-x'Ddx*  • / 


tks  css  , , 

-Ac  0 i $(x),  x >0 

t*r  (x),  X < 0 


It  is  well-known  that 


j,U)  (k/KJ  ♦ yi) 


\/k1‘^7 


and  that,  with  ♦(x)  * 0 in  x <0 


U.  r~  e‘w» 

2 ft  w - u 


where  it  »k  cos  9#,  aad  the  eonslnnt  K is  aoaesseatial.  Letting 


•J?" 


f(w) dw 


K(x)  * eiw*  Kw)  dw 


we  have  from  (1.2)  and  0.4)  an  aigebruic  relation  among  the  Fourier  transforms. 


2nK  f(w) 


w*  2n(w - 4) 


v (w) 
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With  lm(k)  > 0,  there  are  so  singularities  on  the  real  w-axifl,  -j)J  the  previously  described  procedure ' 
leads  to  the  correct  sslalua  aithoat  ^ilHcaltf,  since  h(w)  * U2  - 's’)*’4  : (k  - «.»*  * ft.  * *> 

«bj  h^  and  h(w)  is  split  into  two  (actor*  with  the  required  analytic  properties.  Vc  thus  obtain  the 
equivalent  of  Kqustioa  (5), 


in  Kf(w) 

Vk  - w” 


1 A Vk  H 

2 n(w  - 4) 


V k ♦ w 


> A 

*(w)  ♦ ~ 

2n 


* 

/It 

41 


For  Uw).  the  result  of  equating  each  side  of  (SI  to  C is 


2xlif(w) 


,ii.  /r7u  ♦ C Vk 

2 X w • u 


(1.8) 


(1.91 


When  this  f(w)  is  substituted  into  (1.6),  the  integral  vnnishes  for  x < a Here  the  contour  of  integra- 
tion can  then  be  retnovcJ  to  infinity  Across  the  lm(w)  < 0 half-plane,  where  the  integrand  has  ao 
singularities;  fir  x <0,  the  integrand  vanishes  with  !m(w)  and  F(x)  "0,  # < 0 follows. 

On  the  other  bund,  when  x > 0,  tke  integrand  increuaes  exponentially  with  Iis(w)  -•  ®,  but  the 
integral  caa  be  evaluated  as  n residue  and  a branch-line  integral  in  Ira(w)  ' 0 (ia  ID. 


With  C / 0 the  C-depeadeat  tens 


The  similar  term  in  tf'(x)  ia 
Ceu« 


of  F (x)  is  proportional  to 

ds  - ceik*  ro/?.) 


t — ■ Ce“*  r<l/Z)  kk  . 

V« 


Thus  d'(x),  the  scattered  field,  is  infinite  at  the  edge  of  the  plane  whea  C t 0.  a physically  unac- 
ceptable conclusion.  Secondly,  if  C A 0 and  A *0,  we  have  a source-free  solution  of  the  problem, 
with  the  total  field  (calculated  from  U.D)  properly  “outgoing'  and  vanishing  os  the  aid  of  the  plots 
but  not  vanishing  fot  y *0,  x/0-.  This  standing  wave  is  not  excited  by  <J>6,  and  woald  sooo  radial* 
away  if  present  at  any  time.  Hence  we  may  tnke  C * Oin  (1.8)  sad  (1.9). 

Now  let  us  examine  the  case  lm(k)N»0.  Here  the  contour  in  the  w-plane  is  deformed  according 
to  the  scheme  of  Figures  la,  lb,  into  portions  of  the  real  axis  connected  by  three  semicircular  arc*, 
one  lying  in  V and  centered  on  w =-k,  two  lying  in  l.  and  centered  on  w * k and  w - 4.  This  contoar 
enn  be  used  in  both  (1.5)  nnd  (1.6),  The  singularities  are  now  afl  ltn(w)  '0;  a pole  of  q>at  w ' u sad 
brnnch  points  of  h at  w * t k.  Here  we  bnve  no  ’common  strip  of  rcgulwity.’  bnt  continuations  of  tk« 
solutions  F,  tf',  already  obtained  from  an  argument  using  a ‘common  strip,’  must  be  solutions  over  tbs 
new  contour  in  the  limit  lm(k)"x6 

For  guidance  in  whut  is  to  follow,  let  us  assume  that  we  have  obtained  the  transform  re  lottos 
(1.7)  and  the  deformed  contour  applying  to  lm(k)  = 9,  but  do  not  know  how  to  factor  b(w)  = Ik1- w*VH 
If. we  let  w * k sin  ft,  nil  of  the  known  functions  of  w in  (1.7)  transform  into  periodic  functions  of  0 
for  which  the  only  singularities  in  the  finite  fl-plsne  are  simple  poles.  Thus  tke  transformation 


V-  ’i,,''..  A.  Ok,\," 
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achieve*  an  apparent  simplification  in  removing  brunch-points.  In  waking  the  inverse  Fourier  trona- 
fonnation  to  find  F nnd  \k,  we  would  now  multiply  ‘solution#’  of  the  factnrixation  problem  in  the 
6-plane  by  expUkx  sin  6)  cos  9 d 9 and  integrate,  in  the  0-plnne,  over  the  contour  T which 
corresponds  to  the  deformed  couiour  in  the  w-plane.  The  contour  and  the  location  of  the  known 
poles  (•)  of  <p(k  sin  0)  ure  shown  in  Figure  !c.  Here  the  region#  in  the  9-plnne  for  which  Im(w) 

* khn (sin  0)  >0  ure  marked  U,  und  the  regions  for  which  Im(w)  *klm(ain  0)  < 0 are  marked  L. 

Momentarily  overlooking  the  singularities  marked  in  Figure  1c,  let  us  find  some  6-annlog  of  the 
following  statement:  if  g(w)  is  II  in  IJ,  nnd  has  no  singularities  cm  !m(w)  -0,  then  fmg)  exp  (iwx)  g(w)dw 
■ 0,  x >0.  The  conclusion  follows  because  the  integration  contour  can  be  removed  across  U,  nnd  the 
exponential  factor  vuniahes  in  the  process.  In  the  0-plsne,  the  integisl  become*  k /p  exp(ikx  sin  0) 
g (k  sin  0)  cos  0 d 0.  When  x >0,  P can  be  deformed  across  I l0into  G =*  )i  n ♦ it,  t real.  A# 
function  of  t on  the  new  contour,  sin  Gis  even,  cos  0 is  odd,  and  d0  is  even.  Thus  the  integral 
vanishes  when  g * constant,  na  the  integrand  is  an  odd  function  of  I.  If  g(w)  is  R is  l!  and  on  the 
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w.I  w-axis,  then  g(k  sin  0)  in  even  in  t.  H«rt  the  int  ynd  fawsumed  to  converge)  vanishes  if  g has 
-ore  general  properties.  i.r..  if  g(k  nin  0)  in  It  ia  n <1ie'(0i  : K,  tm  (0)  - 0.  and  in  an  even 

fnachon  of  « on  0 • S * ♦ .1  (here  we  nay  that  R in  It  ia  « J.  llm.  the  propertie.  of  g in  other 
l '-region*  of  the  ('-plane  are  not  important,  even  though  g (I  .in  G)  m«y  not  be  K except  in  IJ  (and 
therefore  in  l',.  by  the  even  property).  Of  coarse.  the  name  nrg»m r.t  ran  be  curried  through °in  the 
w-plaae  .f  the  original  contour  i«  thought  of  a.  lying  on  a certain  -beet  *f  a Hiemann  nurfuce,  g(w)  ia 
. *"  1 "n  Kh,‘<‘t’  un,,  ,hc  cool<,"r  avoids  the  singularities  of  g on  In>  (w)  - 0 by  semicircle,  lying 
in  l . fly  panning  to  tbe  0-plane  we  unfold  the  Hiemann  surface  and  perhaps  have  a clearer  idea  of 
the  structure  ol  the  integrands  than  if  we  tried  to  argue  from  a Hiemann  surface  in  the  w-plane. 

Jn  applying  this  analyst  to  (1.7),  we  start  from 


2 a K f (k  sin  0)  i A 1 

- - r — — — — - ♦ iy(k  aia  0) 

k co»  0 2n  It  *m  6-  |i 


(1.10) 


He,-  the  denominator  k cos  0 in  „ odd  function  about  both  S n and  -S  n ; by  the  foregoing  argument, 
if(k  am  G)  tmiHt  be  even  about  0 '-‘in.  The  known  fuactioa  ({dk  sin  G)  ia  even  about  both  -S  Hand 
i n.  The  factorization  problem  becomes  one  of  splitting  h 1 coa  t'J  into  two  factors,  one  even  about 
- i n,  tbe  other  even  about  % n.  lie  st-ucture  of  the  product  cos  0**  is  indicated  in  Figure  Id.  where 
the  symbol  e marks  'even  points'  of  cos  0'1.  about  which  coa  0 is  even  and  where  the  0-derivative 
vanishes,  and  (•)  indicutes  n pole.  The  structure  of  the  (wo  factors  is  indicated  with  the  same 
aynbotism  in  F igures  le.  If.  One  can  obviously  choose  periodic  (actor*  with  period  4 H,  whereas 
coa  G haa  period  2 rt.  Factors  of  (k  coa  0)  **  with  the  requisite  reros,  evea  points,  and  periodicity 


hL  ■ ^2k  sin  - -0j  - [tf2k  *i«  ♦ -0J  . (l.ii) 

The  w-equivalents  are  respectively  (k  - w Y%,  (k  ♦ wY\  Carrying  out  the  separation  of  (1.10)  into 
two  equations  we  get: 

Inin  ....  o)  *'  ^ [t*V  (f)J 

* y(k  sin  0)  /2k  sin  (—  * — 


i A /2k  isin  (—  * sin  — * — sin' 1 — \ 

LSL-*L-JL*  0/  a 


2 n(k  sin  0-  u) 


12) 


Here  the  heuristic  argument  is  that  the  two  side*  we  representations  of  the  same  function  of  period 
4n,  nnd  since  the  regions  of  regularity  of  the  two  sides  overlap  in  the  period  the  function  must  be  a 
constant.  Hy  a version  of  the  previous  argument,  this  constant  must  be  zero,  so  that  each  side  of 
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(1.12)  can  be  equate.!  to  >n«.  TVe  !*•  multiag  equations  cun  then  be  lolvel  JneMk  •»»  fl), 
y (k  sin  0).  Foe  1.  (lie  remit  ia 


2nK((k  aia  0) 


It  (k  sia  8 - U ) 


0.13) 


Tbe  constant-determining  argument  ia  bused  oa  the  rate  of  growth  of  the  part  of  y which  ia  gjj 
about  -S  a.  We  assume  that  tp(x)  mart  be  boun<lr<i  ia  the  limit  i /'0.  Die  port  of  which  ia  ewe a 
ultout  -l.i  rt  produces  no  contribution  to  V,  ami  tbe  behavior  of  tp  in  determined  primarily  by  the 
behavior  of  tbe  odd  part  of  y near  t * 1 * on  tbe  vertical  line  0 * it  -Vi  it . Here  tbe  odd  part  moot 
vaniah  with  t - «■  a*  such  a rate  that  * 1 V (0)  Jt  exists.  Thin  is  seen  to  Le  true 

(or  at  least  possible)  oaiy  if  the  constant,  to  which  the  right  aide  o(  (1.12)  ia  equated,  ia  zero.  The 
argument  ia  analytically  slipshod,  and  we  should  show  that  we  have  been  led  to  a comet  aolatioa  of 
the  physical  problem  by  examining  the  resulting  electromagnetic  field.  This  verification  ia  straight- 
forward, and  will  not  be  reproduced  here. 

For  this  half.piaae  problem.  Sommerfeld’s  original  aolatioa3  was  a contour  integral  ia  a similar 
6-plane.  A good  reason  for  the  fact  that  the  present  contour  cannot  be  deformed  into  that  used  by 
Sommerfeld  ia  that  he  started  with  an  exponent  (ixk  sia  Qq  * iyt  sin  0#),  whereas  the  corresponding 
exponent  in  (1.3)  ia  sot  analytic  ia  y at  y *0. 


SECTION  II  - DIFFRACTION  HY  RANDOMLY  SPACF.0,  PAH  AM  .EL  HALF-PLANES 

Wo  consider  diffraction  over  tue  ‘rough  surface1  shown  ia  Figarc  2.  The  surface  consists  ia  a 
randomly  spaced  array  of  parallel,  perfectly  conducting  half-planes  (platen)  lying  in  x > 0.  tbe  edges 
lying  in  x *0,  parallel  to  the  z-axia.  Tbe  plates  make  aa  angle  B with  the  positive  y-nxia.  let  tbe 
plane  wave 

wQ  « exp(ipy  ♦ ix  \j  k1  - p1)  (2.1) 

be  incident  on  tbe  array.  Let  « measure  distance  from  tbe  edge  of  a plate,  raid  aasurac  that  the 
induced  current-density  in  tbe  plate  with  edge  at  v in  given  by  cxp(ipy)Ku).  That  is,  the  same 
current  is  induced  in  each  plate  except  for  the  phase  factor,  exp(ipy),  determined  by  tbe  location  of 
the  plate’s  edge  on  tbe  y-axia.  The  currents  between  >t  and  u ♦ du  in  all  strips  radiate  a field 
W(u,  du)  wliicb,  at  least  on  the  average,  ia  expressible  on  a a integral, 

f(u.du)  - N l(w)du  f dy’  e*”'  (k  p) 


p * [ (x  - a uia  8)!  ♦ (y  - y 1 - a cos  3)3  ] ^ 


(2.2) 


I 
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«iKtr  N *->  the  »'«np  «m4r  ef  flUln  ftt  nail  leagth  of  y-aaia.  Non  wA 


(2.3) 


(2.4) 


If  we  take  a <0  end  integrate  this  e«yn«io«  over  tie  length  of  the  pi  ate  a,  we  get  the  overage 
reflected  field  R exp(ipy  - i a),  where  R ia  the  effective  specular  rcflectioo  coefficient 

of  the  ‘rough  surface,*  regarded  ae  lying  ia  the  a *0  piaae: 

R -dn’NKffpcoa  0-  ^k*-p*  .in  B) (k* - p*t%.  (2.5) 

Thus  the  reflectioa  coefficient  R is  directly  obtained  through  the  Fourier  trrtneforre  f(w)  of  the  current  I 

deuaity,  and  the  current  itself  become*  of  secondary  interest. 

i1 


(k  l/n1  ♦ yJ)  - K jf 


m e‘a*  e*^k*  * ***  M 


where  K is  a oeaesaeatial  constant,  sad  with  Hu)  • ££  f(w)  eiw“  <lw  we  have 


w(u.du)  * 


du  2«NK  jf  — 


• frw)  eiw«  el»<r  • a caa  A ) I «-u  A 


(k*.p*)> 


\ f'  -A  riiU.fi .5  \ Vl  'J  ■ 


***** 
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Uenct  we  are  directly  interested  in  findii'  \«).  Toward  ihia  end,  we  need  to  know  (be  average 
field  scattered  to  a point  u in  a plate  with  ro,,..  at  y.  Here  we  assume  that  ¥ s ia  isdepeadeot  of 
the  prsisara  ol  lh«  particular  plate,  and  in  the  avoraga  field  (oaad  at  the  particular  point,  in  tin 
absence  of  the  plate: 


P 2 ft  NKf(w)  e^e^gawrfrdae 

«,(u)t  **  - J"  k2  B.nJ  g pJ  * 2pw  coa  0-  w2 


Finally,  we  assume  that  the  current*  in  this  plate  radiate  fields  which  cancel  the  totnl  incident  field 
W#  * ffj  on  the  surface  of  the  plate,  lining  the  fact  that,  in  a > 0 


r 

* 2fti  j.0 


gKw»  ♦ or*  dw 

w - (p  coa  6 + \/ks  - p5  aia  0) 


we  hove  on  algebraic  relation  among  the  Fourier  transform#: 


2 JiK  f(w) 


r i ?nj "I 

- w2  k2  ain2  0 - p2  + 2p*  cos  8 ♦ w*  J 


2 n (w  - p coa  8 - y/k*  - p2  via  0) 


* 2nKf(w)h(w)  ♦ tfdw)  " >?(w) 


where  tp(w)  in  the  transform  of  the  unknown  field  scattered  by  the  plate  along  iln  continuation  into 
a < 0.  (We  set  N '0  to  verify  that  Equation  (2.8)  become#  essentially  the  *umc  us  Eqvstioa  (1.7) 
of  Section  I.) 


Now  f(w)  must  be  R in  L0  us  there  ore  no  currents  in  • < 0,  and  ty(w)  is  similarly  R in  U- . 

To  find  f and  tp  with  these  analytic  behaviors,  the  problem  io  to  factor  h(w),  the  coefficient  of  f(w). 


By  combining  terms  in  b,  one  sees  that  to  find  the  roots  of  the  resulting  numerator  requires 
the  solution  of  a fairly  general  quartic  equation  in  w,  unless  6 " S Jl.  He  continue  with  the  detailed 
discussiun  of  the  latter  case  only. 


UN  >0,  h(w)  gains  two  additional  poles,  owing  to  the  denominator  of  the  second  term,  and 
four  additional  zeros,  os  one  seen  by  combining  the  termn  and  regarding  both  nigns  of  (k2  - w2)^ 
as  possible.  Of  course,  two  of  the  added  zeros  of  h lie  on  the  ‘wrong’  leaf  of  the  two-sheeted 
Ri  cumin  surface  requited  by  the  presence  of  the  radical  in  the  first  term  of  h(w).  All  zeroa  must  be 
accounted  for  in  a factorization. 
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To  locate  zeros  and  pnlci«  of  h,  we  first  find  the  poleo  Are  to  the  mowI  term,  namely,  those  at 
w ’ ilk1  - p*)\  Taking  p - k cos  n(  yi  > 0),  soy,  as  Wits  the  plane  incident  wave,  we  sec  that  these 
poleo  lie  symmetrically  with  rcepecl  to  the  origin  on  the  line  segment  connecting  w * k and  w “ "L. 
Thun  the  contour  (the  tool  w-uxis)  noises  below  the  pole  on  the  right,  shove  that  on  the  left,  as  la 
Figure  3a.  Now  let  ImlhlN.O,  ,uti!  let  w n k nin  0,  mm  in  Section  I.  In  the  0-plane  the  contour,  f, 
avoid*  the  poles  (•)  an  shown  jn  Figure  3b.  The  fonn  of  h in  now  (with  Q * N/k) 

cos1  0 ■*  2iQ  cos  0 - cos1  4 

h , (2.9) 

k coo  0 (eoa  0-  con  |t)(eos  0 * cos  tt) 


The  imu  of  h tire  found  through 


coe  G " -ifl  i 'J coo1  n . Q1  . (2.10) 

(Thene  rerun  arc  indicnted  by  (0)  oa  Figure  3b.)  For  amnll  0.  «bc  r.eron  lie  near  the  poles  of  the 
original  second  term  of  h.  In  the  factorization,  each  zero  muni  be  contained  in  the  name  factor  as  tbs 
nearby  pole,  so  that  when  N\0,  the  zeros  move  toward  the  poles  and  cancel  them  in  each  factor, 
and  the  factorization  of  Section  I results.  By  examining  (2. 10)  one  verifies  this  behavior. 

(The  urgument  for  3 / S ft  is  more  complicated.  It  will,  however,  be  assumed  tbat  the  diacusaiofl 
applies  to  this  ense,  i.e,  that  the  zeros  and  poles  of  h,  migrating  in  the  6-plsac  under  change  of  N 
and  t\  always  lir  with  respect  to  the  contour  as  ahowa  symbolically  in  Ftgt*e  3b.  Thin  cannot  be 
proved,  apparently,  without  a formal  discussion.  Here  one  determines  signs  of  such  forms  as 
(N3-  p3)^  by  the  fact  that  N > 0 and  lm(p)\u0.) 

Now  we  factor  fa  into  two  factors,  h " hyh, . where  b0is  H in  IJ  usd  eves  about  % rt,  and  faL 
is  R in  Lg  and  even  about  -K  IT.  (The  expressions  H in  UQ  onJ  R in  L.  will  bn  understood  hence- 
forth  to  include  the  foregoing  evenness  properties.)  First  (in  Figure  3c)  we  label  the  poles  on  the 
real  G-oxis,  those  with  the  notation  l!  belonging  in  by.  and  thoae  with  the  symbol  L belonging  with 
kf  Tk**  can  ke  done  almost  without  thought.  Then  we  label  the  zero  in  U#  with  the  symbol  L, 
since  this  zero  cannot  belong  to  by.  Similarly,  the  zero  is  I.  is  labeled  II.  Now  there  is  no  zero 
in  U , symmetric  at  the  image  point  (with  respect  to  -%  Jl)  of  the  zero  in  U#;  we  place  s zero  (0) 
here,  and  label  it  I,,  since  such  a zero  is  required  in  bt . Since  h lacks  this  zero  in  U (,  we  cancel 
it  with  a pole  (® ),  which  must  belong  to  by,  for  if  this  pole  is  in  h(  , o simitar  pole  must  cancol  the 
the  zero  ia  U#.  (The  dashed  arrow  represents  the  argument  connecting  the  new  zero  sod  pole  with 
the  zero  in  li#,  and  in  a first  step  iu  a ‘zig-zng’  argument  specifying  the  poles  and  zeros  required 
by  the  presence  of  the  zero  in  U0.)  If  the  new  pole  in  IJ  j belongs  to  hy,  a similar  pole  must  be 
found  «t  a point  symmetric  with  respect  to  54  n,  i.e.,  is  Uj.  Placing  a pole  of  by  here,  we  find  anew 
zero  of  b{  required  to  cancel  it,  clc.  (Thus  there  will  be  a double  zero  of  bL  at  the  point  at  the  end 
of  the  second  dashed  arrow,  since  there  was  alreudy  a zero  of  h at  this  point.) 

In  Figure  3c  the  zero  of  h in  L.  must  belong  to  h.  , since  otherwise  h would  require  a new  zero 
in  I.Q;  similarly  the  zero  of  h in  U ^ belongs  to  by.  The  zeros  in  i,  and  II  me  ssnigoed  in  the 
same  way,  except  that  one  step  in  s zig-zng  argument  is  required.  We  then  cmrry  out  the  zig-zag 
arguments, storting  from  each  of  the  above  zeros.  The  resulting  structire  of  is  shown  in  Figure 
3d;  rotating  the  structure  180°  about  the  origin  given  the  structure  of  by  (Figure  3e).  In  fact,  we 
msy  set 


9 • C««uura  m4  aUitUrliiM  U»  ^•fattcl^Ult  4*ffr*fil*a 


after  making  proper  choice  of  constant  factor*  (or.  More  generally,  exponential  factora).  One  readily 
verifier*  that  the  product  of  hy  and  bL  ia  h (aamimiag  correct  ‘coavlant*  factara)  and  thnt  the  hehaviot 
of  each  ia  correct  when  N"*xO. 

From  (2. A)  we  now  have,  witli  w “It  aid  6* 


2-tKfh^ 


i 

2nk(a>a  0-  via  ti) 


s 2Kfh|)fct  ♦ * * V. 


(2.12 
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The  next  step  is  to  divide  through  by  hy  , which  results  is 


2nK  fh,  ♦ 


9 


(2.13) 


The  first  term  ou  the  left  is  H in  1,J(  the  term  on  the  right  is  ft  is  llfl,  but  the  aecoad  term  is  of  a 
mixed  character.  Its  structure  is  shows  is  Figure  31. 


Re  note  thst  9 is  even  nbout  both  -H  1 aad  S ft ; 9 is  R is  I ,fl  but  sot  is  having  a pole  at 
0 '|i  on  the  H0  side  of  the  integration  contour.  The  form  9/bu  is  evea  about  \ it,  bat  retains  the 
pole  st  6 * U,  «nd  hence  in  not  H in  l!#.  Re  now  write 


J*?L  . [_!_  . -JL.1  , J!*'.  . 

byte)  Lbyfe)  h^u)]  b0<«) 


(2.14) 


Here  the  first  term  on  the  right  is  even  about  \ it  and  contains  no  pole  in  sad  hence  is  R in  U# 
(xcros  io  UQ  may  now  tie  diaregurded).  The  second  term  is  11  in  !,e,  since  it  differs  frsm  9 by  a 
constant  factor.  Re  can  therefore  set 


2nKfhLi9)  - 


9 

9 

J » 

* 1 

blt(u) 

b^G) 

l.M0>  * 

bu(w)J 

(2.1S) 


The  left  eide  being  R in  !.0,  the  right  R in  IJ#,  the  fsnctioa  represented  by  each  aide  is  even  about 
both  ‘4  n and  *%  it,  and  hence  has  period  2 n,  and  has  no  singularities  in  U,,  11,,  L(,  sad  L%1.  or  an 
the  boundary,  I"1,  between  these  regions.  Thus  (be  periodic  function  represented  has  an  finite  sing** 
luritien  in  ono  full  period,  snd  therefore  has  no  singularities  in  the  finite  0-plane.  Finally,  if  tbs 
function  grows  sufficiently  slowly  with  Im(0),  the  function  can  be  only  a constant.  As  to  these  rote* 
of  growth,  one  eees  from  Figure  3e  thut  poles  sad  zeros  of  by  may  be  paired  is  such  a way  that  ana 
pole  is  left  over  nt  each  of  the  points  rt(2n  - S).  Therefore  1/by  must  grow  like  coe(6/2)  (the 
‘exponential  factor*  being  a constant).  The  some  growth  holds  for  1/h^  by  virtue  of  (2,11);  heats 
1/b  grows  like  cos  0,  as  may  be  verified  by  inspection  of  (2.9).  Since  9 vanishes  for  Ie>(6)  - i ", 
the  rate  of  growth  of  the  riglu  side  of  (2.15)  is  ‘sufficiently  slow*  if  9 grows  store  slowly  than 
coa(0/2).  The  tp  of  (2.16)  will  be  seen  acceptable  in  ibis  regard. 

Again  we  determine  the  constant  (represented  by  both  sides  of  (2.1$))  by  appeal  to  the  physics^ 
concluding  that  the  constant  must  be  such  that  the  rate  of  growth  with  t > 0 of  9(H  H * it) 

- 9 ('4  n • it)  is  minimal.  The  part  of  ip(-%  it  * it)  which  is  even  in  t produces  so  castributios  to  the 
part  of  the  scattered  field  Ur  found  from  9 by  integral  10a  over  •“  < t < ".  Owing  to  ito  poles  at  ‘ 
• ‘/in  * 2n  n,  hy  is  essentially  odd  as  function  of  large  t > 0;  the  remaining  poise  sad  xeroe  pair  ap 
to  produce  an  asymptotically  even  behavior  ne  function  of  t,  Equating  the  right  side  of  (2.1$)  to  a 
constant  K " and  solving  for  y,  we  have,  using  the  fact  thst  9 is  aves  ia  tt 

Part  of  9 which  is  odd  ia  t — — — ■ S ♦ |£Hhn(8)  . 
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IS 


w « -• 


I — w«  oblnia  Ike  minimal  rule  of  growth  by  setting  K H * Q.  Kc  therefore  knvn 


2 nK  f (k  wi«e  6) 


liO) 

hw(u)hJG) 


(2.16) 


The  pole*  of  9 nod  b,  «tf)'|l  cancel,  sad  the  zero  tt^  in  the  interior  of  U0  becomes  the  pole  of 
f which  determines  the  magnitude  of  the  currents  at  large  *.  When  N'v>,0,  this  zero  migrates  to  9*  |i, 
and  the  current  distribution  in  the  single  plate  of  Section  1 is  achieved  in  the  limit. 

With  9 given  in  (2.12),  we  can  say  that  the  problem  is  formally  solved  by  substituting  as  analytic 
rupee  as  ioa  for  the  hu.  h^  of  Figures  3d  and  3e  in  (2.16).  Toward  this  end,  we  can  write  (see  Figure  3b) 


(#) 


•is 


V 

0-  J]  [6-  (n-uil  0 • 54»i  "1 

L 2 J L 2 J L 2 J 


The  convergence  of  the  infinite  product  is  required  only  in  the  atrip  * rt/2  < He  (6)  < -H*; 
we  do  not  explore  this  question,  but  it  seems  apparent  that  r*pid  convergence  can  be  achieved  hy 
properly  grouping  factors  after  removing  certain  of  the  gnmms  functions  with  low  n-indices  from  ths 
product.  That  is,  after  removal  (from  the  denominator)  of  the  gamma  Junctions  containing  the  zeros 
of  hL  in  U0,  l!  j,  I.,,  end  1.  ^,  the  remaining  gnmnm  functions  may  be  grouped  four  at  a time  is  s 
manner  producing  factors  rnpidly  approaching  unity  in  the  strip  of  interest. 

To  evaluate  the  remaining  constant  c,  we  act  by(0)  ■ hL(-  0),  equate  the  product  hyh^  to 
the  k of  (2.V),  and  find,  using  the  identities 


r(->r<1  ■*>  -+TT.-  •i-[1r]  -’pr] 


con  y • cos  x 


that  e*  ■ 2 * 4/k. 


jLjLjl, 


il 
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Through  the  logarithmic  integral*.  Bauer  ud  Karp*  were  able  to  (actor  an  expression  having 
mwty  oi  the  dillicshicr.  presented  by  the  kiwi  of  (2.8)  in  the  •'-eaeaC  case  & 3 Ull . Their  factorisation 
may  possibly  be  adopter!  to  tho  present  case,  bat  the  case  0 A N n wosll  ywhehlr  present  additional 
difficulties. 

We  conclude  with  some  renioaks  about  the  uniqueness  cf  the  factorisation.  The  sig-sag  argument 
seems  to  Usd  to  unique  factors  insofar  as  the  sees#  and  safe's  era  concern rd.  Fa*  tl  wo  introduced  a 
zero  of  hL  ai  some  new  point  in  the  0-pleae,  there  would  have  to  be  a covenanting  pofe  in  k^, 
Furthermore,  there  would  be  u zero  and  a pole  at  points  symmetric  with  respect  to  -%  K and  H It, 
respectively,  aad  these  new  ningularities  would  require  compensating  seron  and  polaa,  etc.  Gvectn* 
ally  a pole  or  zero  would  have  to  be  located  ia  the  atrip  -H  H < lie  (9)  < Hu.  Such  u pole  or  sero, 
not  being  found  in  h,  would  bave  to  be  compensated  in  a manner  resulting  in  (any)  a polv  ia  h^  and  a 
zero  in  hL  at  the  same  point  in  this  strip.  Thus  the  factors  could  not  have  the  desired  analytic  pro- 
perties ia  U#  or  L , and  the  introduction  of  new  poles  or  zeros  is  impossible.  We  then  have  the  option 
of  multiplying  the  present  ht,  by  c,1> s * aad  hj  by  e‘^  ^ i Hern  q must  be  m entire  fsnclion  end  even 
•bout  both  -St  aad  S it : q ia  therefore  periodic  with  period  2 It  and  mast  he  mi  the  Term  q‘  (sin  6), 
where  q'  ie  some  entire  (unction.  If  q'  is  not  identically  a constant,  q'(uis  0)  grows  at  least  as 
fast  an  q^  lain  6 I,  far  some  finite  countaat  qf  along  some  vertical  line  in  the  foregoing  strip.  Here 
the  location  of  the  contour  iulegrala  would  be  determined  by  q^  rather  than s when  |luc  1<  q9;thin 
is  physically  inncceptnble  and  we  must  have  q - constant.  Such  a coast  eat  would  not  appear 
explicitly  iu  the  present  results,  and  so  it  may  be  takes  ae  zera. 

SECTION  IH  - SOME  QUANTITATIVE  RESULTS 

ThW  section  ia  devoted  to  the  consideration  of  some  of  the  reflecting  prop  ext  tee  of  the  parallel- 
plate  medium  of  Section  II  (Figure  2).  Tbe  plane  x ’ 0 may  be  regarded  a*  a rough  surface,  a aurfaco 
which  can  be  described  only  statistically.  The  complete  statistical  descriptive  of  tbe  surface  is  con* 
tained  ia  tbe  following  statement,  l-ct  L be  the  distance  (along  tbe  y-nxis)  between  tbe  edp.es  of 
consecutive  plates.  Tbe  probability  that  L lies  between  L.  aad  L,  ♦ dL  ia  given  by  exp  (l>,/S)dL, 
where  tbe  average  separation  S ia  connected  with  the  N of  Section  H through  S « 1/N.  The  fact  that 
only  Q * NA  (or,  equivalently,  S)  appears  iu  tbe  results  of  Section  11  raigh*  suggest  that  some  of 
the  atatiatica  of  the  surface  have  been  ignored  in  the  eclf-coasi stent  formulation  of  the  scattering 
problem.  On  the  other  bund,  S (or  N)  ia  the  only  arbitrary  quantity  in  the  statistics  of  the  surface, 
and  any  average  or  statistical  description  of  the  scattering  properties  of  the  surface  should  be 
esoeutially  hi  term*  of  S, 

The  parallel  plates  of  Reference  1 are  regularly  spaced  with  a common  spacing  which  we  muy 
call  S#.  The  scattering  properties  of  tbe  ‘surface’  of  Reference  1 depend  on  S.  in  somewhat  the 
some  way  that  the  present  properties  depend  on  S;  differences  in  the  functional  dependencies  on 
S slid  on  S would  shed  light  on  the  extent  to  which  ibe  randomness  of  the  present  surface  actually 
affects  the  deduced  scattering.  Unfortunately  this  comparison  ia  not  easy,  owing  to  the  fact  that  the 
mathematically  convenient  cane  in  Reference  1 in  S#  * 0(1).  whereas  tbe  presently  convenient  case 
in  S >>1  aad  the  grazing  incidence  ( fk*-px  * k sin  U <<■  k in  Equation  (2.1)). 

We  now  obtnin  itn  approximate  expression  foe  R,  using  Equations  (2.S)  sod  (2.16).  With  0 "Stl, 
we  have 
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le  bypans  it: o»t  of  -■  materia!  of  Section  fl,  resorting  to  an  approximation  valid  for  the  cam* 

Q * N/k  «<  1 and  U «1,  k.e.,  for  large  npacisga  between  the  plstea  and  for  nearly  grating  incidence. 
Mere  ia  Figure  3b  the  polea  and  zeros  in  the  interior  of  the  atrip  ll#,  L0  lie  cloae  to  the  origin,  end 
those  ia  the  interior  of  the  adjacent  alripa  lie  near  t it,  weU  away  front  the  contour  of  integration. 
The  outlying  polea  and  zerua  are  important  only  in  their  effect  on  the  behavior  of  variaua  function* 
ia  the  atrip  l.'#,  t.#  (- hi  « i lle(O)  .5  Hu);  under  the  present  assumption*,  tho  clone  grouping  of 
polea  and  zeroa  outside  of  the  atrip  means  that  their  effects  cancel  in  the  strip,  llius,  to  name 
approximation,  R depend*  only  on  the  polea  anti  zeroa  in  the  atrip  L0,  ll9.  Instead  of  evaluating  II 
through  the  fomal  procedure  of  Section  II,  we  now  renpproaeh  the  factorization  problem  from  the 
point  of  view  juet  outlined. 

With  0 * S n,  p *k  cos  4,  w *k  ata  0,  Q * NA  in  Equation  (2.8),  we  may  write  down  the 
result  of  expanding  the  various  trigonometric  function*  in  power  series,  obtaining,  to  a firat 
approximation 


ZrtVffc  ,io  0)  (0-  /urT-2Hj’)(G*  V/7r^~d7o)  I 


k(0-  n)  (6  ♦ 4) 


2nk(6.  4) 


13.2) 


Here  <p  has  been  expressed  aa  a simple  pole,  ao  that  the  general  procedure  of  Filiation  (5)  ia 
immediately  suggested.  Wa  obtain 


2 n K T (k  sin  0)  ( 0 . \fc2  * 2i Q ) i2j i 

(0-4)  " 2«(0-  4)  (4  ♦ ^4a  + 2iQ) 


2K*Kf(-k  sin  4)  “ f 


lUL 


[4 * 1/4*  ► 2»Q  ) * 4Q* 


~!t  l * 2iQ  - 4]*  . 


(3.3) 
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This  clearly  give#  the  correct  R --1  when  4-O. 


Tho  radiation  from  each  plate  ia  symmetric  about  tbe  plane  of  the  plate  and  each  plato  ia 
perpendicular  to  the  plane  x ■ 0.  Thus  the  power  acattered  buck  alo;g  the  direction  of  tha  incident 
wave  is  readily  calculated  from  f(-k  sin  4).  We  nae  (2.3)  and  the  subsequent  expression  for  tho 
ennreot  Hu)  (u*>x  with  0 "'A  it ) to  determine  tbe  field  rndiated  by  a plate  with  edge  at  x * 0,  y ■ 0, 
to  a point  x ■ r sin  4,  y • -r  cos  4.  Taking  the  absolute  square  of  the  result  and  multiplying  by 
N,  we  conclude  that  the  power  back-scattered  ia  thin  direction,  per  uait  length  of  surface,  io,  at 
range  r, 

N-^-i  Mw.ll1. 
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Substituting  the  I of  (3.3)  w/»We 


‘ktck->caUM' 


\2!L 

Itr 


ft»  • V*4*  • 2 * Q | 


(3.5) 


The  constant  factor  oa  tie  right1  hr  sat  |pmttW,  and  tbs  whole  calculation  would  have  to  U 
repeated  in  any  aveat  to  obtain  aay  correlation  with  the  practical  radar  ccme  with  point  source,  and 
with  appreciable  scattering  in  the  (-direction.  Nevertheless,  the  formula  may  be  compered  with 
other  two-dimcnaioaai  back-scattering  formulas  as  they  may  occur.  Finally,  the  dependence  of  tbo 
back-scatter  oa  Q aad  (1  ia  of  primary  interest;  fur  fined  Q,  the  back-scatter  varies  as  U3  for  small  4. 

Now  we  wish  to  discuss  the  physical  significance  of  the  approximate  reaulta  13.4)  and  (3.5), 
both  obtained  in  the  mathematical  approximation  that  all  but  the  moat  important  features  of  the  material 
of  Section  II  have  beea  neglected.  Although  the  problem  ostensibly  contains  two  parameters,  Q and 
4,  one  can  set  x ■ S 40*^  aad  obtain,  from  (3.4) 

R *-{x-ix  * \/l  - 2i  *a  ] * “ - ( - 25  xs  -«♦!»]  . (3.6) 

Similarly  (3.5)  yields 

2 i 

‘back-scctter*  ■ — a*  ] R | (3.7) 

Kr 


In  Figures  4 and  5.  these  cpiaatities  have  bees  plotted  against  the  single  parameter  x.  ITba  physical 
significance  of  z ia  os  follows.  If  one  calculates  by  physical  optics  the  field  iituminatiag  the  edgn 
of  one  plate  in  the  partial  shadow  of  a plate  at  distance  S,  one  finds  that  i3  ia  a measure  of  the 
number  of  complete  Fresnel  zones  entering  the  caicatnlios.  Thus  in  the  limit  s » 1,  thera  ia  very 
little  shadowing  effect  aad  H and  ‘back-scatter*  altnuld  be  computable  as  superpositions  of  fields 
scattered  by  the  siagle,  isolated  pistes  discussed  in  Section  I.  The  asymptotic  forma 


R x * 1/8  is,  *bnck-scnlter'  * C/a3,  s *>  1 


(3.8) 


are  also  those  found  in  the  manner  just  suggested;  here  the  simplest  verificatioo  is  to  see  that  the 
f(-k  sin  6)  of  (3.3)  is  asymptotic  ally  ecpial  to  that  of  (1.13). 

Re  have  already  discussed  the  case  x <<  1,  which  led  to  R;f  *1  and  ‘back-scatter  ®U3  or 
azJ,  The  singularities  ia  the  principal  atrip  of  the  0-plane  migrate  with  change  in  z in  such  n 
manner  that  various  angularities  cancel  to  give  the  simple  results  found  in  the  limiting  cases.  Rs 
may  perhaps  regard  the  preseat  results  ss  first  terms  in  expacsioos  obtained  by  taking  into  account 
the  groups  of  poles  and  zeros  found  in  the  successive  strips  in  the  0-pIsne  of  Section  II.  The  terms 
contributed  by  these  polen  sad  zeros  in  the  nth  strip  are  perhaps  interpretable  as  arising  from  fields 
diffracted  aad  reflected  a times  around  the  edge  of  a plate. 


St 
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h UIU1I  itM  vwtfetke  foregoing  approx  it  atiaaa,  it  ia  iaterestisg  to  eoaaider  aa  aaafogoas 
problem,,  tfa*  panjtagatinn  of  a plane  wave  through  a large  legion  0,  containing,  per  unit  volume,  N * 
large  reflecting  iiA«  «l  area  A.  Suppose  all  disks  are  parallel  to  die  yz-plaoe  ant  lint  a plane 
ammo  chromatic  wave  U#  * exp(ikx)  ia  incident,  where  c ia  tha  propagatioa  constant  of  the  air,  or  of 
the  disk-free  apace.  H the  field  incident  on  one  dink  ia  uniform  over  the  disk  and  ia  represented  ia 
ph««e  nod  amplitude  by  (I,  then  a uuit  area  of  the  disk  acta  as  a source  of  a spherical  (scalar)  wave 
givee  hy  li(iL/2.Kr)exp  (ike),  where  r ia  diataace  from  the  uait  area  to  any  other  point  ia  apace. 
(Choice  of  the  proportionality  constant  ia  determined  so  aa  to  give  complete  ahadow  immediately 
behind  a sufficiently  large  disk.)  Thu*,  neglecting  edge  effects,  we  may  express  tha  total  field  at 
« point  ia  ap.ee  p by 

U(p)  • !J#(p)  ♦ f N ' j (ik/2  rt  I <3  , p I)  exp(ik  Jo.pl>  tXo)  d area(o)  d vol  (<,)  (3.9) 

where  V#  ia  the  incident  field  radiated  from  nome  aotsca. 

Sow  we  are  going  to  take  a time  average  of  the  total  field,  under  the  assumption  that  the  disks 
are  swirling  randomly  about  la  D,  remuining  always  parallel  to  the  yz-plane.  Toward  this  end,  we 
further  assume  that  the  field  iacident  on  a particular  disk  is  the  average  field  at  the  location  of  the 
disk  which  would  be  found  in  the  abnence  of  that  disk.  (This  is  a 'self-conoistent  field”  aaaumptioa 
similar  to  that  asade  in  atomic  physics,  uid  made  in  the  Section  II.)  With  these  ansumptioaa  and  the 
well-known  property  of  the  Green's  function  exp(ikr)/4  fir,  we  apply  the  operator  V1  ♦ k1  to  both 
aides  of  (3.9)  and  get,  ia  0, 


(V1  * k1)  U »{-2ikN' A)  II, 


VJU  ♦ (k*(l  ♦ iN’A/k)*  * N^A’]  U - [V*  ♦ k'*]  U (3.10) 


Tkna,  in  0,  for  aatall  N ',  the  effective  propagation  constant  k * is  given  by  k ' k(l  ♦ IN  'AA). 
Hence,  the  average  plane  wave  bchavea  like  eik*  e'*  **;  its  power  falla  off  like  a"***  so  that, 
ia  agyeeraent  with  well-known  theory,  one  large  dink  of  area  A effectively  removes  bom  the  average 
transmitted  field  twice  the  power  incident  on  it.  (The  general  mathematical  approach  used  here 
ia  that  of  1_  I..  Foldy,  Phya.  Rev.,  67,  p.  109,  194S.) 

Now  we  consider  that  I)  fills  the  apace  y < 0,  the  disk*  remaining  norma!  to  the  u-oxis.  With 
the  plane  wave  exp(ikx  cos  (i  - iky  ain  p ) incident  on  D from  above,  we  have  some  wave  with 
amplitude  T trsasmiUed  into  D,  an-1,  some  wave  il  expUkx  cos  U * iky  ain  tl)  reflected  into  y > 0 at 
the  y -0  interface-  We  calculate  H and  T on  the  assumptions  that  the  total  wave  and  its  y-derivativa 
ore  cootinaoas  across  y * 0,  use  k 1 *k  ( 1 + IN  'A/k)  as  the  propagatioa  constant  applying  ia  y <■  0, 
and  obtain 
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«lm»  Q*  * N 'A/k.  Salk  liw shvsiww  ik*ti(iiM»lUir  VA  * %(lU-lt»tSaili<i»  ID.  an  thnt  O'  " 0 
(lie  0 of  (3.4)),  we  have  nn  apparent  generalization  of  the  reflection  coefficienl  formula  (3.4),  for 
whicfc  validity  waa  claimed  only  in  the  case  n <«•  1,  I)  - N/lt  <*■'  !.  TWe  two  formula*  become 
identical  only  a L grazing  incidence  (it  « 1).  Here  the  snout  important  currents  must  lie  in  the 
exposed  edges  of  the  dinks  ncstr  y ’ 0,  but  the  propagation  constant  k r was  derived  nn  tie  pruwiae 
of  a negligible  effect  of  the  dink’s  edge  on  the  currents  induced  in  it.  Thun  whether  the  agreemeal 
of  (3.10  walk  13.4)  Uad» am  teas  aaadaare  to  tW  l utter  equation  boost  rfma. 


SECTION  IV  - DIFFRACTION  UY  A HALF-PI  .ANE  tlF.TVF.KN 
ISO  DIFFERENT  MEDIA 


Se  now  consider  the  factorization  encountered  in  the  problem  of  the  diffractiun  of  u plane  wave 
bv  a perfectly  conducting  half  plane  which  lies  in  the  pinne  interface  between  two  electromugnetically 
different  media.  When  either  the  electric  or  magnetic  vector  of  the  plane  ircident  wave  is  parallel 
to  the  half-plane’s  edge,  the  equivalent  of  h(w)  in  (2)  or  (2.8)  turns  out  to  be  of  the  form 


hlw)  « 1/(C 


)jk*  wa  ) 


:i  m\ 

■ «£] 

1 r*»i ;. 


where  k,  and  k3  are  (he  propugation  constants  in  the  two  media  anJ  C ia  a conatunt  depending  on 
the  four  complex  electromagnetic  constants  effective  at  angular  frequency  w.  We  shall  now  take 
k?  > kj  > 0,  on  the  grounils  that  the  cane  of  lossy  propagation  constants  may  eventually  be 
obtained  by  analytic  continuation.  Writing  k ,/kj  5 k,  we  huve  the  problem  of  factoring  h 1 * 1/fa 
* C ' • w^2  ♦ Jl  • k2w  ' 2 ; w ' " w/k  ( where  (1 1 ia  agnin  n constant.  As  function  of  w k 1 

has  branch  points  at  w 1 * 1,  w ' * 1/k,  us  shown  together  with  the  integration  contour  in  Figure  6. 
To  remove  the  branch  points  we  make  the  transformation  w'  * sn(u,  k).  (The  function  sn(u,  k)  is  a 
Jacobian  elliptic  function;  for  this  and  subsequent  elliptic  functions,  the  reader  is  referred  to 
References  3 and  4.)  The  structure  of  sn(u,  k)  in  the  u-plnne  in  shown  in  Figure  6h,  where  poles, 
zeros,  and  even  point  it  (points  ulsiut  which  su  is  an  even  function)  arc  marked  wtih  the  symbols 
“ , 0,  and  e,  respectively.  The  S.shuped  integration  contour  into  which  the  real  w-ttxis  maps  is 


indicated  by  T,  and,  over  thi»  contour,  the  Fourier  inversion  integral  Jfx) 


g(w)cxp(iwx)dw 


transforms  essentially  into  Jtx)  - Jr  g(k  ,sn(u,k))exp(ix  sa(u,k))cn(u,k)du.  The  structure  of  cn  is 
indicated  in  Figure  (> c In  the  c«se  g s 1,  when  * ' 0 or  x c 0,  F muy  lie  deformed,  respectively, 
across  U0 . Q or  u..othe  contour]  or  the  contour]  , us  shown  in  Figure  fid.  In  either  cute, 

case  J (*)  is  seen  to  vanish  owing  to  the  even  properties  of  snfu,  k)  and  both  even  and  odd  proper* 
ties  of  cn(u,k)  and  of  du  along  the  contours.  If  gtkjSnfu,  k))  has  the  even  properties  of  sn  on  these 
contours,  then  those  portions  of  J (x)  arising  (after  the  contour  deformations)  from  integrations 
olonts  ] or  ( also  vanish.  From  these  gcnarul  statements,  it  seems  clear  that  the  factorization 
problem  is  one  of  writing  h 1 in  the  form  h(|h(  , where  hy  (as  function  of  ti)  hus  no  zeros  or  singu- 
larities in  l’0,0  and  hits  the  even  properties  of  »u(u,k)  on  the  contour  ] (h(|  is  R in  )'0.c).  ami 
and  where  hj  hus  no  zeros  or  singularities  ia  I-Q,0  and  hus  the  even  properties  of  an(u,k)  on  { 

(h,  ia  R in  !-„,„). 

He  first  find  the  possible  locutions  of  the  zeros  of  h*  at  3 «n(u„,k)  -O  (/c  **  - 1 / 

\/C'J  - k2);  some  of  these  zeros  arc  extraneous.  We  then  write  h'  “ c 1 cn(u,k)  * dn(a,k),  where 
c"  is  a constant.  The  structure  of  dn(u,k)  is  shewn  in  Figure  6c  und  thut  of  h 1 in  Figure  7s.  All 
the  zeros  of  h'  are  determined  by  the  zero  in  l'n  o through  the  indicated  even  properly  of  h1  and 
because  of  the  fuel  thnt,  in  Figures  6c  unJ  fie,  cn  and  dn  are  odd  functions  about  the  points 
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narked  O «i  •“ . Tbe  fact  that  zero*  of  K ’ are  missing  in  the  rcgioa*  u ^ 

by  comparing  Figure  7«  with  Figure  6b)  meuna  that  l/h(w)  has  no  zero*  in  two  of  the  four  sheets  of 
the  Riemar.e  surface  into  which  the  w-plnne  must  be  developed  because  of  the  four  bsascb  i aiala  aA 
Figure  6a.  The  periods  of  h 1 nre  iK  and  4iK  1 (see  Figure  6d  for  K,  K ’). 

The  factor  hj,  is  even  about  the  even  points  K,  K * iK,  K - iK  \ of  sn(a,  kV.  k aright  hr  mmmmmmb-. 
that  h(,  is  therefore  periodic  in  u with  period  2iK  hut  branch  cuts  are  required  sad  the  period  is 
4iK  the  ‘vertical*  period  of  h The  same  conclusion  holds  for  hj  , and  because  It ' conveniently 
bus  an  even  point  at  u "0,  we  mny  take  h^(u)  ■ h^(-u).  I he  zig-zag  argument  must  be  invoked 
because  of  the  lock  of  zeros  of  h 1 in  the  odd-nuinbered  vertical  strips;  for  clarity  we  show  the  structure 
of  one  period  of  the  factor  hj  in  Figure  7b,  that  of  h()  in  Figure  7c. 

The  zero  of  h ' in  U0.0  belongs  to  h,  , and  is  the  start  of  a zig-zag  argument  ae  indicated  by 
the  (1)  ut  the  top  of  the  figure  on  the  verticu!  through  the  zero  in  question.  The  even  property  of 
implies  zeros  in  the  next  strip  to  the  left;  thin  deduction  forms  step  two  in  the  argument,  as  indicated 
by  (2)  on  the  appropriate  vertical  at  the  top  of  Figure  7b.  These  zeros  were  not  found  in  b',  so  that 
cancelling  poles  must  be  found  in  h^.  This  third  step  in  the  argument  is  indicated  by  (3)  on  tbe 
appropriate  verticul  at  the  top  of  Figure  4h.  Corresponding  poles  must  be  found  symmetrically  disposed 
with  respect  to  the  even  points  of  h^,,  along  the  vertical  marked  (4)  in  Figure  7c,  etc.  The  zero  of  b* 
in  L#,0  sUrtJ  s similar  zig-zag  argument  which  cna  be  followed  through  tbe  numbers  (!'),  (2*),.. 

The  pole#  of  b ’ are  symmetrically  disposed  with  respect  to  the  even  points  of  the  factors;  tbe 
resulting  singularities  in  the  factoru  are  marked  with  heavy  dots.  In  the  neighborhood  of  the  dot  at 
u " iK  * (say)  both  faetora  are  asymptotically  proportional  to  (u  - iK  tbit  is  the  behavior  requiring 
branch  cuts  in  each  factor,  cuts  which  may  be  taken  to  avoid  the  contour  and  which  cause  the  periods 
of  the  factors  to  be  4iK  It  seems  simplest  to  regard  each  of  tbe  total  structures  in  Figures  7b  and 
7c  us  a product  of  two  factors,  one  having  the  structure  given  by  the  dots,  the  other  containing  no 
branch  pointa  and  haring  the  structure  arrived  at  by  the  zig-zag  arguments.  Tbe  two  structures  shown 
in  Figures  7b  and  7c  clearly  huve  the  requisite  even  properties,  and  their  product  hss  the  structure  of 
h ’ os  indicated  in  Figure  7a. 

5'nder  variation  of  the  physical  parameters,  the  zero  of  h 1 in  U0.0  may  migrate  into  L,,#  and 
then,  perhaps  into  It  is  seen  that  this  zero  must  remain  in  hL,  so  that  factors  and  subsequent 

results  will  vary  analytic*',!/  throughout  the  migration.  Corresponding  to  a plane  incident  wave,  the 
present  analogue  of  the  qr of  (2)  or  (2.8)  will  have  a single  pole  in  the  w-plane  (about  which  the  contour 
in  Figure  6a  is  properly  deformed).  In  the  u-plane,  tp  will  then  have  the  eves  properties  of  an  so  that 
the  separation  of  (J’/h^  into  a term  II  in  IJ0,0  and  a term  iu  L0,0  should  be  essentially  an  enay  us 
in  the  previous  cases. 
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